
 

5.4 Instantons

Consider the path integral on a space with

Euclidean metric Wick rotate otherwise

have to find local minima ofaction
and evaluate quantum fluctuations around

them
consider 5412 gauge theory on

Euclidean 124

local minima of
SLA fd4x tr E F E 1 tr Faf i

are known as instantons

eq of motion from i D E 2mEur SAE

given by configurations
where
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The Canti self dual solution

Let us consider the inequality
G

Id x tr E I E 0

saturated if
E I Er

where Fnu map Fap in

Euclidean space
Then
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motion are

satisfiedNow use

SIA Iga d't to Eu Fm

fd4x to Er x ̅ F J atrE.ve
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Solution 3 makes the YM action to

satisfy inequality surface term
will see is

topological

in diff form notation

Symla Iftr F
F IIft.cat

impose eq
2 finiteness of action

U SEE 5412

classified by IT 54121 I

compactify RY by adding as 54

and cover by charts

Up ER KIEL Σ

Us E R HIS L E

choose As x 0 Us

then for Unnus
An triastris this'd tris tridtis

U this 53 5412

Let us compute the degree of this map



Note that 5412 53 since

14 1 it 5412 E 4 I

IT SU A IT S3 2

We have

i The constant map
Uo eS IE SUCL

belongs to 0 et SUGI no winding

ii The identity map
U 41 412 tix r I 142

defines the class le Ts SUGI

iii The map
Un U X r 41 tix

defines class ne its SUGI

Let us now evaluate the surface term

given in 4

note that dtrFF tildtr.tt Fade

to A F it Felt FB 0

where we used DF dF It I 0

tI is locally exact

t.tt dk



Mathematically to F Cha
second Chern character

and K is Chern Simons

form

form k is given by
K to And 3 As

Proof
dk.tv dt 43 dtd2 Adtt ddt

tr F A2 F t2
FAHA F 444 447 9

tiff IF FA

FA AFA 12 5 14

note that to 0 tvtFt trait tutti

use cyclicity of trace and
anti commutativity of dx

dk.tv T2



Lemm 2

Let A be the gauge potential of an
instanton

Then

4ᵗrF If trd
Proof
From Stokes's theorem we find that

µrT dk K

UN

where we used 5 24m We have

F

K fr Add t.LA A4 3A3

tr

giving Stuf ytrf trd

UN
where we used As 0

Note under gauge tufs
trt tr U T U trF






